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In 1997, Juan Maldacena made the startling conjecture that theories of gravity on curved spaces are equivalent to ordinary quantum field theories confined to the boundaries of those spaces. The most concrete example of this correspondence is for a string theory living on a ten-dimensional spacetime called AdS 5 × S 5 [1] , which is conjectured to be equivalent to a special form of YangMills gauge theory living on the boundary of the fivedimensional AdS 5 space (called anti-de Sitter space).
(The boundary in the case of AdS 5 is a four-dimensional spacetime.) In the 1970s, Yang-Mills theories were developed as an extension of field theories like quantum electrodynamics (QED) to the case of strong interactions in quantum chromodyamics (QCD), while anti-de Sitter spaces are solutions to Einstein gravity equations with a negative cosmological constant that gives a constant curvature of space.
The gauge theory that appears in Maldacena's conjecture is a highly symmetric version called N = 4 super Yang-Mills (SYM). N = 4 SYM has the maximal amount of supersymmetry-the symmetry that pairs up bosons and fermions. It is also an exact conformal field theory (CFT), meaning that the physics is the same under any rescaling of energies or length scales. (This is a property not shared by the strong interactions, which come with a natural energy scale of about 200 MeV, but N = 4 SYM still provides a useful theory for understanding several aspects of the strong interaction.) If the correspondence, called the AdS/CFT correspondence, is correct then we will have successfully merged gravity with quantum mechanics, at least in this particular background spacetime, since the N = 4 SYM on the boundary is believed to be a consistent theory.
The AdS/CFT correspondence is widely accepted as true but remains unproven, even in certain limits where calculations become vastly simplified. The difficulty in proving AdS/CFT is that it works as a strong/weak duality. That is, if particles in the gauge theory are strongly coupled, implying that the quantum corrections to the theory are large, then the curvature of AdS 5 × S 5 is small. This leads to a weak coupling between the different vibrational modes in the string theory, and vice versa. Thus one must be able to make computations in the strong coupling regime for at least one of the theories (either AdS gravity or quantum field theory) in order to directly compare results between them. In a paper appearing in Physical Review Letters [2] , Nikolay Gromov, Vladimir Kazakov, and Pedro Vieira (GKV), at DESY in Hamburg, Germany, École Normale Supérieure, in Paris, France, and the Max-Planck-Institut in Potsdam, Germany, respectively, make important progress in this direction by formulating a set of functional equations, called a Y-system (see Appendix for greater detail), for the gauge theory that are true for any value of the coupling-strong or weak. These equations open up the possibility of directly computing a whole class of physical quantities in the gauge theory and comparing them with string theory predictions.
The key idea behind the GKV results is integrability. An integrable model is a many-body system that can effectively be reduced to a combination of two-body systems, rendering the theory solvable. This concept is perhaps best explained by a simple and familiar example: the Heisenberg ferromagnet in one dimension (Fig. 1) . In this model, L spin-1/2 magnetic dipoles lie on a circular chain. Each dipole is assumed to only interact with the dipole closest to it on either side. The Hamiltonian for this system is proportional to a coupling constant, λ, times a sum over the magnetic interactions between nearest neighbor spins.
The ground state has all of the spins aligned (say, up). One constructs excited states-called "magnons"-by adding down-pointing spins on the chain. The individual magnons are like particles, with a momentum p i and a known dispersion relation for the energy, ε(p i ). The scattering of the magnons off of one another is encoded in a momentum-dependent phase, called the S matrix, that appears in the wave function for a two-magnon state. Since the wave function must satisfy the condition that x ≡ x + L, the momenta of two scattering magnons are quantized. It turns out that for scattering processes that involve more than two magnons, the quantization conditions still only depend on the two-magnon S matrices (and thus the system is integrable). The relationship between the magnon momenta and the S matrices leads to what are known as the Bethe equations and we can solve them to find the allowed sets of p i . The energy of the states is the total of the magnon energies E = Σ j ε(p j ).
What does this all have to do with the gauge theory? It turns out that even though they describe very different physical systems, we can map useful computations in the gauge theory to an integrable problem analogous to that of the Heisenberg magnet. To see this, consider that the physical information of a conformal field theory is contained in correlation functions of its composite operators (or, observables). These operators are products of the elementary fields that constitute the gauge theory. A correlation function tells us how the quantum fluctuations of one operator are correlated with the fluctuations of one or more other operators as a function of their separation in space and time. Since the theory is conformal, the only scales in the problem are the separations between the operators. Specifically, under a rescaling of all lengths by a factor of β, an operator with a well-defined scaling dimension ∆ will be multiplied by a factor of β −∆ .
There is a particular class of composite operators, called "single trace operators," that are invariant under gauge transformations, a property all physical operators must satisfy. A single trace operator can be built up by taking the trace of a product of three complex scalar fields: Z(x), W(x), and Y(x), along with their conjugates. (All fields in N = 4 SYM are like the gluons of the strong interaction: they come with a color and an anticolor at the same time. Although the strong interaction has only three colors, in N = 4 SYM we can consider an arbitrary number N of colors and the fields are expressed as N × N matrices, with the row index labeling the color and the column index labeling the anticolor.) Let us consider single trace operators containing only two types of scalar fields, say Z and W. A typical operator made up of L such scalars would be given by tr(ZZW. . . WZW. . . ZZ) with the Z and W fields arranged in some particular order inside the trace (note that L here is simply the number of operators, and not a physical length as in the Heisenberg spin chain). A free scalar field has scaling dimension one in four spacetime dimensions so the scaling dimension ∆ for our operator is L when the coupling, that is, strength of the interactions between the particles of the theory, is turned off.
However, the interactions of the gauge theory shift the scaling dimension to ∆ = L + Γ, where Γ is called the anomalous matrix and can be computed perturbatively in the coupling g. For certain limits, it turns out that Γ is equivalent to the Hamiltonian for the Heisenberg chain magnet, with λ = g 2 N and in place of the magnetic exchange, one considers the interaction between the fields at the and + 1 positions in the trace. Therefore the first-order correction (one loop) to the anomalous dimension matrix for this class of operators is the Heisenberg Hamiltonian with the Z and W fields as the up and down spins! The one-loop anomalous dimensions are then found by solving the Heisenberg Bethe equations. If we expand the class of operators to include all types of fields, then the anomalous dimension matrix is still equivalent to an integrable Hamiltonian and the Bethe equations are enlarged to include a more general set of magnons [3] .
Higher loop contributions to the anomalous dimension can also be determined in the limit that L is infinite, but the finite size corrections were a missing piece of the puzzle [4] . Although for weak coupling (λ << 1), Γ is well approximated by a local spin chain Hamiltonian, for λ ∼ 1 the Hamiltonian becomes long range. In this limit, finite size effects become important [5, 6] . The GKV paper, which successfully treats both the weak and strong coupling limits, incorporates previous work on finite size systems to the particular problem of finite L operators in N = 4 SYM (see Appendix for details). What is remarkable is that they can calculate the anomalous dimension out to four orders of perturbation theory in a highly compact form. By comparison, in a typical field theory calculation, this same computation could only be done with hundreds of Feynman diagrams. String theory predicts that the anomalous dimension should scale as Γ ∼ 2λ 1/4 , when λ >> 1 [7] . Recent numerical results using the GKV Y-system show excellent agreement with this prediction. The GKV Ysystem promises to have other applications as well, especially within the intermediate region, λ ∼ 1, where neither perturbation theory nor string theory are particularly useful.
Even after 35 years of research on QCD, there are still some features of gauge theories where we only have a limited understanding. Any new results that can help improve our intuition about these theories are clearly significant. In this respect, the substantial effort by GKV towards confirming Maldacena's conjecture is a major step forward.
